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Quantum statistics can be considered from the perspective of postquantum no-signaling theories
in which either none or only a certain number of quantum systems are trusted. In these scenarios, the
role of states is played by the so-called no-signaling boxes or no-signaling assemblages respectively.
It has been shown so far that in the usual Bell non-locality scenario with a single measurement run,
quantum statistics can never reproduce an extremal non-local point within the set of no-signaling
boxes. We provide here a general no-go rule showing that the latter stays true even if arbitrary
sequential measurements are allowed. On the other hand, we prove a positive result showing that
already a single trusted qubit is enough for quantum theory to produce a self-testable extremal
point within the corresponding set of no-signaling assemblages. This result opens up possibilities
for security proofs of cryptographic protocols against general no-signaling adversaries.
Introduction.- The fundamental mystery of quantum
theory lies in character of correlations it predicts [1],
[2]. Already on quantum ground the so-called entangled
states (see [3]) represent curious correlations where infor-
mation on the whole exceeds that of the parts [2]. This
led to conjecture that quantum mechanics was an approx-
imated theory [1] that can be simulated by some theory
with the results of measurements on subsystems prede-
termined. The latter was identified as a local-hidden vari-
able theory. The conjecture has been refuted in a spectac-
ular way [4]: under the natural fundamental assumptions
of space-like separation and free-will of local experiments,
as well as a technical one of sufficiently high efficiency of
detectors, the correlations between two or more quan-
tumly entangled systems are significantly stronger than
the ones allowed by these local hidden variable theories.
This advantage of quantum statistics is revealed by viola-
tion of the so-called Bell inequalities by quantum statis-
tics (see [5]) while all local hidden variables theory satisfy
the inequalities. This violation of Bell inequality led to
the powerful idea of DI cryptography where no assump-
tion on the nature of the quantum systems subject to
measurement need to be made. The security of DI cryp-
tography against adversaries holding quantum memories
is based fundamentally on the property of an extremality
of pure quantum state in the set of all quantum states.
Technically speaking, extremality of statistics of measure-
ment on quantum state is guaranteed by maximal viola-
tion of some Bell inequalities by these quantum statistics.
Those are the inequalities for which such a violation per-
mits the self-testing of quantum pure state measured i.e.
its uniqueness (up to irrelevant local operations). In fact,
extremality of some family of statistics in a given theory
means that it is uncorrelated from all the other mea-
surement results within no-signaling theories (including
quantum one) [6]. The power of DI method lies in the fact
that, no assumption on the nature of quantum systems
subject to measurement is need to be made. Therefore,
in this scenario extremality turns out to be essential.
Later, a weaker scenario of semi-DI scheme has been
developed basing on the analogs of Bell inequalities, in
the case where some of the parties may be considered to
have full control of quantum systems in their laboratory
(see [7]). Here, instead of statistics one considers quan-
tum assemblages and Bell inequalities are replaced by the
so-called steering inequalities (see [8]).
All the above reasoning concerns about correlation
statistics coming from quantum theory. However, it is
known that families of joint correlation statistics can go
far beyond those quantumly generated ones [9]. In par-
ticular, there are families of statistics called no-signaling
boxes that only obey the no-signaling constraints of spe-
cial relativity. These boxes violate Bell inequalities much
stronger than the statistics generated by measurements
on quantum states [9]. A similar situation holds for no-
signaling assemblages if one considers systems of more
than two parties [24].
The question of whether quantum DI cryptography can
stay secure even against such a general no-signaling ad-
versary (who has access to these postquantum correla-
tions) has been posed long time ago [10]. Some partial
positive results have been provided in case of secret key
[10] or randomness amplification [11, 12],[13]. The proofs
were all provided in the case where quantum statistics
does not represent an extremal point in the postquantum
correlations. It was also recognised that if one could ob-
2tain quantum statistics that is extremal within postquan-
tum theory these proofs could be much more simplified
and streamlined. The simple reason being that extremal
point implies that the systems held by honest parties are
decoupled from those held by any no-signaling adversary.
Hence, the natural question was whether there is any sit-
uation in which quantum statistics can be an extremal
point in postquantum theory.
Partial negative result in this direction was obtained
in [14] where it was shown that in the usual Bell scenario
with a single measurement run per party there exist no
quantum correlations that represent an extremal point in
a polytope of no-signaling boxes. An important question
was left unanswered whether it is true in more general
Bell scenarios as well as in the steering scenarios.
Here we provide the two answers answers to both of
these fundamental questions. First, we extend the no-go
result of [14] to the most general scenario of sequential
measurements: if there is no trusted quantum system,
extremality is impossible there. Second, we also provide
a positive answer in the setting of steering inequalities:
if one of the parties has a fully trusted qubit system then
there exist situations where quantum assemblages are ex-
tremal within general no-signaling assemblages.
Extremality in Sequential Bell non-locality.- We begin
with the scenario of sequential Bell non-locality, where
each party performs measurements on their system in a
sequential manner in multiple runs of the Bell experi-
ment, leading to a time-ordered no-signaling structure.
This scenario is in many ways richer than the single-run
Bell non-locality scenario, with the appearance of novel
phenomena such as ’hidden non-locality’ [16], wherein
some quantum states only display local correlations in
single-run Bell experiments while exhibiting non-local
correlations when two measurements are performed in
sequence by each party. Now, one party Alice chooses
to measure one of m
(jA)
A inputs i
(jA)
A = 1, . . . ,m
(jA)
A
in the jA-th run of the Bell experiment, and obtains
one of d
(jA)
A,iA
outputs o
(jA)
A ∈ {1, . . . , d(jA)A,iA}. Similarly,
the other party Bob chooses to measure in the jB-th
run, one of m
(jB)
B inputs i
(jB)
B = 1, . . . ,m
(jB)
B , and
obtains one of d
(jB)
B,iB
outputs o
(jB)
B ∈ {1, . . . , d(jB)B,iB}
outputs. Here, jA = 1, . . . , NA and jB = 1, . . . , NB
where NA, NB denote the number of measurement runs
of Alice and Bob, respectively. Such a sequential Bell
scenario is denoted by B
(
2; (~mA, ~dA); (~mB, ~dB)
)
,
where ~mA := (m
(1)
A , . . . ,m
(NA)
A ),
~dA :=((
d
(1)
A,1, . . . , d
(1)
A,m
(1)
A
)
, . . . ,
(
d
(NA)
A,1 , . . . , d
(NA)
A,m
(NA)
A
))
.
We will simplify the notation by choosing
m
(jA)
A = m
(jB)
B = m, d
(jA)
A = d
(jB)
B = d for all
jA, jB , and NA = NB = N where this does not affect
the generality of the argument. The joint probabil-
ity of obtaining the outcomes oA := (o
(1)
A , . . . , o
(N)
A )
for Alice, and oB := (o
(1)
B , . . . , o
(N)
B ) for Bob, for
given measurement settings iA := (i
(1)
A , . . . , i
(N)
A ) and
iB := (i
(1)
B , . . . , i
(N)
B ) respectively, will be denoted by
POA,OB |IA,IB (oA,oB|iA, iB). As before, we may view
these nseq := (md)
2N probabilities as forming the
components of a vector POA,OB |IA,IB = |P 〉 in Rnseq ,
and are described as forming a box P .
We consider the set of general time-ordered no-
signaling boxes in the scenario of sequential non-
locality as obeying the time-ordered no-signaling
constraints in addition to those of normaliza-
tion and non-negativity, and denote this set as
TONS
[
B
(
2; (~mA, ~dA); (~mB, ~dB)
)]
. The boxes within
the Time-Ordered No-Signaling polytope that in ad-
dition satisfy the integrality constraint, where each
entry is in {0, 1} are said to be Time-Ordered Local
Deterministic boxes. The convex hull of these boxes
forms the classical or Time-Ordered Local polytope
denoted by TOLoc
[
B
(
2; (~mA, ~dA); (~mB , ~dB)
)]
[17].
The boxes obtainable by performing general sequential
quantum measurements on a quantum state of arbitrary
dimension form the set of sequential quantum corre-
lations denoted by Qseq
[
B
(
2; (~mA, ~dA); (~mB , ~dB)
)]
.
These sets are defined explicitly in the Supplemental
Material [27]. We are interested in the question whether
quantum correlations can realize the extremal boxes
of the Time-Ordered No-Signaling polytope, where
an extremal box or a vertex is one that cannot be
expressed as a non-trivial convex combination of boxes
in the TONS polytope. This fundamental question in
quantum foundations gains additional interest in device-
independent quantum cryptography due to the simple
but powerful fact that extremal quantum correlations
are automatically decoupled from any systems held by
a potential adversary [6]. By considering an extension
to the scenario of sequential non-locality [15, 18] of the
well-known NPA hierarchy [1] of semi-definite program-
ming relaxations to the set of quantum correlations, and
developing the techniques from [14] to this scenario, we
show the following result (the full proof is deferred to
the Supplemental material [27]).
Theorem 1 For some (~mA, ~dA), (~mB , ~dB) let P be
an extremal box of the Time-Ordered No-Signaling
polytope TONS
[
B
(
2; (~mA, ~dA); (~mB, ~dB)
)]
such that
P /∈ TOLoc
[
B
(
2; (~mA, ~dA); (~mB , ~dB)
)]
. Then, P /∈
cl
(
Qseq
[
B
(
2; (~mA, ~dA); (~mB, ~dB)
)])
.
Together with the results from [14] the above theorem
rules out the quantum realisation of extremal postquan-
tum statistics, at least in the ubiquitous two-party non-
locality setting. Nevertheless, in the following sections
3we show that the above situation can be remedied by the
addition of a third party holding a trusted qubit system.
Extremality of quantum assemblages.- Let us begin
with a typical bipartite steering scenario [8, 20] in which
two distant subsystems A and B share a quantum state
ρ and subnormalised states of subsystem B conditioned
upon uncharacterised measurements on subsystem A are
given by
σa|x = TrA(Ma|x ⊗ Iρ) (1)
where any Ma|x is an element of POVM (positive oper-
ator value measurement) corresponding to the measure-
ment outcome a of the measurement setting x. This col-
lection of subnormalised states Σ =
{
σa|x
}
a,x
is known
as an assemblage. By forgetting about origin of Σ based
on measurements performed on a quantum system, one
can consider an abstract notion of no-signaling assem-
blage defined by the following conditions
∀x,x′
∑
a
σa|x = σB =
∑
a
σa|x′ , (2)
Tr(σB) = 1, (3)
∀a,x σa|x ≥ 0. (4)
It is however well known [21, 22], that any such assem-
blage admits a quantum realization like in (1). There-
fore, there is no postquantum steering in that setting.
The situation dramatically changes if one consider as-
semblages related to the scenario with two uncharac-
terised subsystems A, B and one characterised subsys-
tem C [23]. In this case abstract no-signaling assemblage
Σ =
{
σab|xy
}
a,b,x,y
is defined by conditions
∀b,x,x′,y
∑
a
σab|xy =
∑
a
σab|x′y, (5)
∀a,x,y,y′
∑
b
σab|xy =
∑
b
σab|xy′ , (6)
∀x,y Tr(
∑
a,b
σab|xy) = 1, (7)
∀a,b,x,y σab|xy ≥ 0. (8)
and not all assemblages Σ of this form admit quantum
realization [24], i.e. there are assemblages which cannot
be represented by
σab|xy = TrAB(Ma|x ⊗Nb|y ⊗ Iρ) (9)
where Ma|x, Nb|y denote elements of local POVMs and
ρ is some tripartite state. There is then a difference be-
tween quantum and no-signaling assemblages.
Inside the convex set of quantum assemblages one can
single out the convex subset of LHS (local hidden state)
assemblages which represent the steering scenario with
classically correlated system [25]. A no-signaling assem-
blage admits LHS model if it can be represented by
σab|xy =
∑
i
qip
(A)
i (a|x)p(B)i (b|y)σi (10)
where qi ≥ 0,
∑
i qi = 1, σi are some states of char-
acterised subsystem C and p
(A)
i (a|x), p(B)i (b|y) denotes
conditional probability distributions for uncharacterised
subsystem A and B respectively. One can show (with
Hahn-Banach type reasoning) that a no-signaling assem-
blage can be excluded from the set of LHS assemblages
by the violation of a steering inequality, i.e. for any no-
signaling assemblage Σ without LHS model, there exists
a linear real valued functional F on no-signaling assem-
blages such that F (Σ) > c and F (ΣLHS) ≤ c for all LHS
assemblages ΣLHS .
Note that in principle one can easily generalise the no-
tion of no-signaling assemblages and LHS models to the
steering scenario where n > 2 uncharacterised parties
steer a characterised one, as was done in [25]. For sim-
plicity, we will restrict our attention to the discussed case
when n = 2, where a no-signaling assemblage can be seen
as a box of positive operators (i.e. subnormalised states)
where (a|x) label rows and (b|y) label columns. Within
this picture, any LHS assemblage can be expressed by
a convex combination Σ =
∑
i piLi ⊗ ρi, where any ρi
is a state of characterised subsystem, any Li is a de-
terministic box of conditional probabilities (i.e. extremal
point in the appropriate set of local bipartite correlations
p(ab|xy)) and ⊗ stands for point-wise multiplication be-
tween elements in box and given quantum state.
The previous discussion shows that the notion of a
no-signaling assemblage comes with a natural hierarchy
of convex subsets similar to the well-known relation be-
tween sets of local, quantum and no-signaling correla-
tions. It is then interesting to ask whether a quantum
assemblage can be an extremal non-classical point in the
larger convex set of all no-signaling assemblages. Below
we will show that within this type of convex theory of no-
signaling assemblages, in contrast with the convex theory
of no-signaling correlations, it is possible to obtain non-
trivial extremal points (without LHS model) which admit
quantum realisation.
Consider now a general no-signaling assemblageΣ with
all positions occupied by at most rank one operators and
denote it by Σ = {pi|ψi〉〈ψi|}i, where i = (ab|xy) and
pi = Tr(σi). Assume that there is another pure assem-
blage Σ˜ = {qi|ψi〉〈ψi|}i with the same states at the same
positions. If pi = 0 implies qi = 0, then we say that Σ˜
is similar to Σ. We will say that Σ is inflexible if for
any Σ˜ similar to Σ we get Σ = Σ˜. Note that in par-
ticular inflexibility implies extremality in the set of all
no-signaling assemblages (quantum and postquantum).
4Observe that any quantum assemblage which is also
extremal in the set of all no-signaling assemblages can be
obtained by measurements performed on a pure state,
therefore we may restrict analysis only to such states
[27]. From now on let us fix the scenario in which mea-
surements on first two subsystems are described by the
PVM (projective value measurement) elements Pa|x and
Qb|y respectively with a, b, x, y ∈ {0, 1}. Recall that a
pure state |ψ〉 ∈ CdA ⊗CdB ⊗CdC is genuine three-party
entangled if it is entangled with respect to any bipartite
splitting of the given tripartite system. In the case of two
uncharacterised qubit subsystems we have the following
result.
Proposition 2 For any pure genuine three-party entan-
gled tripartite state |ψ〉 ∈ C2 ⊗ C2 ⊗ Cd there exists a
pair of PVMs with two outcomes on subsystems A and
B respectively such that a no-signaling assemblage Σ ob-
tained by this measurements is inflexible. In particular
Σ is extremal and there exists a steering inequality FΣ
which is uniquely maximally violated by Σ.
Sketch of proof. Because |ψ〉 is genuine three-party entan-
gled there exists a PVM with elements Pa|0 = |φa|0〉〈φa|0|
on the subsystem A such that 〈φa|0|ψ〉 are entangled and
linearly independent (see Lemma 4 and 5 in [27]). There-
fore, one can choose a pair of PVMs with respective ele-
ments Qb|0, Qb|1 on the subsystem B, such that the first
row and second row of Σ consist of subnormalised states
proportional to different pure states. Moreover, there is
an index (b|y) for which σ0b|0y and σ1b|0y are not pro-
portional to the same pure state (see Lemma 6 in[27]).
Choosing the second PVM on subsystem A such that its
elements Pa|1 do not commute with the first one, we ob-
tain a column labeled by (b|y) with the same property as
the first and the second row. Further detailed analysis of
no-signaling conditions for assemblages with such prop-
erties proves that Σ is inflexible and hence extremal (see
[27] for details). Define now
ρab|xy =
{
0 for σab|xy = 0,
σab|xy
Tr(σab|xy)
for σab|xy 6= 0.
(11)
For any no-signaling assemblage Σ˜ consider the following
expression
FΣ(Σ˜) =
∑
a,b,x,y
Tr(ρab|xyσ˜ab|xy). (12)
Observe that FΣ(Σ˜) ≤ 4 and equality holds if and only
if the no-signaling assemblage Σ˜ is similar to Σ, so by
inflexibility the maximal value of FΣ is uniquely obtained
for Σ. Consider any LHS assemblage ΣLHS =
∑
i piLi⊗
ρi. Since the first and second row of Σ consist of different
rank one operators, Σ is not an LHS assemblage and
supLHS FΣ(ΣLHS) = c < 4.
Note that constant c can be calculated by optimiza-
tion of
∑
a,b,x,y∈I(L)Tr(ρab|xy|φ〉〈φ|) over pure states |φ〉
and deterministic boxes L, where I(L) denotes the set of
(ab|xy) for which p(ab|xy) 6= 0 in particular box L.
Example 3 Consider a GHZ three qubit state |ψ〉 =
1√
2
(|000〉+ |111〉). Let ΣGHZ be given by σab|xy =
TrAB(Pa|x ⊗ Qb|y ⊗ I|ψ〉〈ψ|) with P0|0 = Q0|0 = |+〉〈+|
and P0|1 = Q0|1 = |0〉〈0|, i.e.
ΣGHZ =
1
4


|+〉〈+| |−〉〈−| |0〉〈0| |1〉〈1|
|−〉〈−| |+〉〈+| |0〉〈0| |1〉〈1|
|0〉〈0| |0〉〈0| 2|0〉〈0| 0
|1〉〈1| |1〉〈1| 0 2|1〉〈1|

 .
Assemblage ΣGHZ is inflexible by Proposition (2) and
c = sup
|φ〉
Tr [(3|0〉〈0|+ |+〉〈+|)|φ〉〈φ|] = 4 +
√
10
2
.
For further discussion, fix |ψ〉 together with its related
Σ obtained using PVMs P,Q as in Proposition (2). Now,
consider an arbitrary pure state |ψ˜〉 ∈ C2 ⊗C2 ⊗Cd and
corresponding assemblage Σ˜ given by two pairs of PVMs
P˜ , Q˜ with two outcomes as σ˜ab|xy = TrAB(P˜a|x ⊗ Q˜b|y ⊗
I|ψ˜〉〈ψ˜|). One can see that FΣ(Σ˜) = 4 if and only if |ψ˜〉 =
UA ⊗ UB ⊗ I|ψ〉, P˜ ax = UAP axU †A and Q˜by = UBQbyU †B for
some local unitaries UA, UB. This leads to the following
result of self-testing type.
Proposition 4 For any pure state |ψ˜〉 ∈ CdA ⊗ CdB ⊗
CdC and assemblage Σ˜ given by σ˜ab|xy = TrAB(P˜a|x ⊗
Q˜b|y⊗I|ψ˜〉〈ψ˜|), FΣ(Σ˜) = 4 if and only if VA⊗VB⊗I|ψ˜〉 =
|φ〉A′B′ |ψ〉 and (VA ⊗ VB ⊗ I)(P˜a|x ⊗ Q˜b|y ⊗ I)|ψ˜〉 =
|φ〉A′B′(Pa|x ⊗ Qb|y ⊗ I)|ψ〉 for some local isometries
VA, VB .
Sketch of proof. It follows from previous observation and
application of Jordan’s Lemma ([14], see [27] for details).
Now two final observations should be made: (i) all the
assemblages satisfying assumptions of the Proposition 2
have an effective dimension 4 by considering the Schmidt
decomposition within the (AB|C) cut. This means that
there exists an isometry VC that maps the state to the
case 2 ⊗ 2 ⊗ 4. In the same way the state |ψ˜〉 in the
Proposition 4 has effectively last dimension dC = 4.
Discussion.- In this paper we have proved that in the
most general scenario of sequential measurements it is im-
possible to qunatumly realise nontrivial extremal points
of the Time-Ordered No-Signaling polytope. This an-
swers the open question posed in [14]. On the contrary,
if one of the parties has access to at least one fully trusted
qubit system, we have shown that one can obtain quan-
tum assemblages which are extremal within the set of
no-signaling assemblages (quantum and postquantum).
5While this opens the path towards security proofs for
semi-device-independent cryptographic protocols against
general adversaries, there are numerous interesting open
questions that we leave for future research. In particular,
in the setting of sequential Bell non-locality, the imme-
diate question is to extend the result to the multi-partite
setting, as well as to the scenario of single-party contex-
tuality. Quantitative bounds on the distance of quan-
tum boxes from extremal time-ordered no-signaling ones
should be obtained utilizing the methods involved in the
proof of Theorem 1, i.e., by lower bounding the minimum
eigenvalue of the matrix A˜P A˜P associated with the ex-
tremal box P . Is it possible to generalise the main result
of the Proposition 2 by showing that for any genuinely
entangled 3-party dA⊗ dB ⊗ dC state, there are some kA
PVMs (or POVMs) with sA outcomes on system A and
kB PVMs (or POVMs) with sB outcomes on system B
such that the corresponding assemblage is again extremal
in the set of all no-signaling assemblages? If yes, what
are the minimal number of settings and outcomes? Clear
extensions to many-party scenarios should naturally be
explored. The simplest problem to be solved should be a
generalisation of Proposition 2 to a multi-qubit case.
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Appendix A: Extremal non-local no-signaling boxes
in sequential Bell nonlocality scenarios cannot be
realized in quantum theory
1. Preliminaries
Consider a two-party Bell experiment. Suppose one
party Alice chooses to measure one of mA inputs iA =
1, . . . ,mA, and obtains one of dA,iA outputs oA ∈
{1, . . . , dA,iA}. Similarly, the other party Bob chooses to
measure one of mB inputs iB = 1, . . . ,mB, and obtains
one of dB,iB outputs oB ∈ {1, . . . , dB,iB} outputs. Such a
Bell scenario is denoted by B(2;mA, ~dA;mB, ~dB), where
~dA = (dA,1, . . . , dA,mA) and
~dB = (dB,1, . . . , dB,mB ).
This notation can also be shortened to B(~dA, ~dB) for
simplicity. The joint probability of obtaining the out-
comes (oA, oB) given the measurement settings (iA, iB)
is denoted as POA,OB |IA,IB (oA, oB|iA, iB). We may view
these n =
(∑mA
iA=1
dA,iA
) (∑mB
iB=1
dB,iB
)
probabilities as
forming the components of a vector POA,OB |IA,IB = |P 〉
in Rn, where the inputs and outputs are implicit, and
the probabilities are also described as forming a box P .
6The box P is a valid normalized no-signaling box, sat-
isfying the no-signaling constraints of relativity and the
normalization of probabilities, if it obeys the constraints
of
1. Non-negativity: POA,OB |IA,IB (oA, oB |iA, iB) ≥ 0
for all oA, oB, iA, iB,
2. Normalization:
∑dA,iA
oA=1
∑dB,iB
oB=1
POA,OB |IA,IB (oA, oB|iA, iB) =
1 for all iA, iB,
3. No-Signaling:
dA,iA∑
oA=1
POA,OB |IA,IB (oA, oB |iA, iB) =
dA,i′
A∑
o′
A
=1
POA,OB |IA,IB (o
′
A, oB|i′A, iB), for all iA, i′A, oB , iB,
dB,iB∑
oB=1
POA,OB |IA,IB (oA, oB |iA, iB) =
dB,i′
B∑
o′B=1
POA,OB |IA,IB (oA, o
′
B |iA, i′B), for all iB, i′B, oA, iA. (A1)
The convex hull of all boxes P that satisfy the above
constraints forms the No-Signaling Polytope of the Bell
scenario NS
[
B(2;mA, ~dA;mB, ~dB)
]
.
The boxes within the No-Signaling polytope that ad-
ditionally satisfy the integrality constraint given by
4. Integrality POA,OB |IA,IB (oA, oB|iA, iB) ∈ {0, 1} for
all oA, oB, iA, iB,
are said to be Local Deterministic Boxes (LDBs). The
convex hull of these LDBs forms the classical or Bell poly-
tope denoted by C
[
B(2;mA, ~dA;mB, ~dB)
]
. This is the
set of all correlations obtainable from local hidden vari-
able theories.
The set of Quantum Correlations denoted by
Q
[
B(2;mA, ~dA;mB, ~dB)
]
also lies within the No-
Signaling polytope. This set consists of boxes P where
each component POA,OB |IA,IB (oA, oB|iA, iB) is obtained
as:
POA,OB |IA,IB (oA, oB|iA, iB) = Tr
[
ρ
(
EAiA,oA ⊗ EBiB ,oB
)]
(A2)
for some quantum state ρ ∈ Hd of some arbi-
trary dimension d, and sets of projection operators
{EAiA,oA} for Alice and {EBiB ,oB} for Bob. Notably,
the measurement operators satisfy the require-
ments of (i) Hermiticity:
(
EAiA,oA
)†
= EAiA,oA for
all iA, oA, and
(
EBiB ,oB
)†
= EBiB ,oB , for all iB, oB,
(ii) Orthogonality: EAiA,oAE
A
iA,o
′
A
= δoA,o′AE
A
iA,oA
for all iA, and E
B
iB ,oB
EBiB ,o′B
= δoB ,o′BE
B
iB ,oB
for all
iB, and (iii) Completeness:
∑
oA
EAiA,oA = 1 for
all iA and
∑
oB
EBiB ,oB = 1 for all iB. The set
Q
[
B(2;mA, ~dA;mB, ~dB)
]
is convex but not a polytope.
We have the inclusions C
[
B(2;mA, ~dA;mB, ~dB)
]
⊆
Q
[
B(2;mA, ~dA;mB, ~dB)
]
⊆
NS
[
B(2;mA, ~dA;mB, ~dB)
]
.
In [1], a hierarchy of semi-definite programs was
formulated for optimization with non-commuting vari-
ables, and this Navascues-Pironio-Acin (NPA) hierar-
chy is ubiquitously employed to efficiently determine up-
per bounds to the quantum violation for general Bell
inequalities. The hierarchy was also shown to con-
verge to a set Qpr
[
B(2;mA, ~dA;mB, ~dB)
]
, which is
the set consisting of boxes P where each component
POA,OB |IA,IB (oA, oB |iA, iB) is obtained as:
POA,OB |IA,IB (oA, oB|iA, iB) = Tr
[
ρ
(
EAiA,oAE
B
iB ,oB
)]
,
(A3)
with
[
EAiA,oA , E
B
iB ,oB
]
= 0 for all iA, oA, iB, oB.
The above differs from Eq.(A2) in that the strict
requirement of tensor product structure is re-
placed with the requirement of only commu-
tation between different parties’ measurements.
It is clear that Q
[
B(2;mA, ~dA;mB, ~dB)
]
⊆
Qpr
[
B(2;mA, ~dA;mB, ~dB)
]
.
In the NPA hierarchy, one considers sets consisting
of sequences of product projection operators S1 =
{1} ∪ {EAiA,oA} ∪ {EBiB ,oB}, S2 = S1 ∪ {EAiA,oAEBiB ,oB},
etc. The convex sets corresponding to different levels
of this hierarchy Ql
[
B(2;mA, ~dA;mB, ~dB)
]
are con-
structed by testing for the existence of a certificate
Γ l associated to the set of operators Sl by means of a
semi-definite program. This certificate Γ l corresponding
to level l of the NPA hierarchy is a |Sl| × |Sl| matrix
whose rows and columns are indexed by the operators in
the set Sl. The certificate Γ
l is required to be a complex
Hermitian positive semi-definite matrix satisfying the
following constraints on its entries: (i) Γ l
1,1 = 1, and
(ii) Γ lQ,R = Γ
l
S,T if Q
†R = S†T . The latter con-
7dition in particular imposes that Γ l
1,EAiA,oA
EBiB,oB
=
Γ l
EAiA,oA
,EBiB,oB
= Γ l
EAiA,oA
EBiB,oB
,EAiA,oA
EBiB,oB
=
POA,OB |IA,IB (oA, oB|iA, iB).
2. No quantum realization of sequential non-local
no-signaling boxes
In general, one may consider the scenario of se-
quential Bell non-locality, where each party performs
measurements on their system in a sequential manner
in multiple runs of the Bell experiment, leading to a
time-ordered no-signaling structure. This scenario is in
many ways richer than the single-run Bell non-locality
scenario, with the appearance of novel phenomena such
as ’hidden non-locality’ [16], wherein some quantum
states only display local correlations in single-run Bell
experiments while exhibiting non-local correlations
when two measurements are performed in sequence by
each party. Now, one party Alice chooses to measure
one of m
(jA)
A inputs i
(jA)
A = 1, . . . ,m
(jA)
A in the jA-th
run of the Bell experiment, and obtains one of d
(jA)
A,iA
outputs o
(jA)
A ∈ {1, . . . , d(jA)A,iA}. Similarly, the other
party Bob chooses to measure in the jB-th run, one
of m
(jB)
B inputs i
(jB)
B = 1, . . . ,m
(jB)
B , and obtains
one of d
(jB)
B,iB
outputs o
(jB)
B ∈ {1, . . . , d(jB)B,iB} outputs.
Here, jA = 1, . . . , NA and jB = 1, . . . , NB where
NA, NB denote the number of measurement runs of
Alice and Bob, respectively. Such a sequential Bell
scenario is denoted by B
(
2; (~mA, ~dA); (~mB, ~dB)
)
,
where ~mA := (m
(1)
A , . . . ,m
(NA)
A ),
~dA :=((
d
(1)
A,1, . . . , d
(1)
A,m
(1)
A
)
, . . . ,
(
d
(NA)
A,1 , . . . , d
(NA)
A,m
(NA)
A
))
.
We will simplify the notation by choosing
m
(jA)
A = m
(jB)
B = m, d
(jA)
A = d
(jB)
B = d for all
jA, jB, and NA = NB = N where this does not affect
the generality of the argument. The joint probabil-
ity of obtaining the outcomes oA := (o
(1)
A , . . . , o
(N)
A )
for Alice, and oB := (o
(1)
B , . . . , o
(N)
B ) for Bob, for
given measurement settings iA := (i
(1)
A , . . . , i
(N)
A ) and
iB := (i
(1)
B , . . . , i
(N)
B ) respectively, will be denoted by
POA,OB |IA,IB (oA,oB|iA, iB). As before, we may view
these nseq := (md)
2N probabilities as forming the
components of a vector POA,OB |IA,IB = |P 〉 in Rnseq ,
and are described as forming a box P .
We consider the general time-ordered no-signaling
boxes in the scenario of sequential non-locality as obey-
ing the time-ordered no-signaling constraints in addition
to those of normalization and non-negativity. A box P
is a valid time-ordered no-signaling box, if it obeys the
constraints:
1. Non-negativity: POA,OB |IA,IB (oA,oB|iA, iB) ≥ 0
for all oA,oB, iA, iB,
2. Normalization:
∑
oA,oB
POA,OB |IA,IB (oA,oB|iA, iB) =
1 for all iA, iB,
3. Time-Ordered No-Signaling:
∑
o
(k)
A
,...,o
(N)
A
POA,OB |IA,IB (oA,oB|iA, iB), is independent of i(k)A , . . . , i(N)A for all 1 ≤ k ≤ N, iA,oA, iB,oB,
∑
o
(k)
B ,...,o
(N)
B
POA,OB |IA,IB (oA,oB|iA, iB), is independent of i(k)B , . . . , i(N)B for all 1 ≤ k ≤ N, iA,oA, iB,oB. (A4)
The above time-ordered no-signaling constraints cap-
ture the restriction that measurement outcomes for each
party do not input on the future inputs chosen by
that party, as well as any of the inputs chosen by
the other party. The convex hull of all boxes P that
satisfy the above constraints forms the Time-Ordered
No-Signaling Polytope of the Bell scenario and is de-
noted by TONS
[
B
(
2; (~mA, ~dA); (~mB , ~dB)
)]
. One may
also consider corresponding constraints in the situation
when the input i
(k)
A is allowed to influence the outputs
o
(k+1)
B , . . . , o
(N)
B for any 1 ≤ k ≤ N , and vice versa. In
this scenario, the spatial separation between the parties
only restricts communication within each round, while
input choices of any one run are able to influence the
outputs of either party in subsequent runs. The cor-
responding extension of the Time-Ordered No-Signaling
polytope in that scenario is defined by fewer restrictions
than the TONS
[
B
(
2; (~mA, ~dA); (~mB, ~dB)
)]
polytope
considered in this paper.
The boxes within the Time-Ordered No-Signaling
polytope that in addition satisfy the integrality con-
straint given by
4. Integrality POA,OB |IA,IB (oA,oB|iA, iB) ∈ {0, 1} for
all oA,oB, iA, iB,
8are said to be Time-Ordered Local Determinis-
tic boxes. The convex hull of these boxes forms
the Time-Ordered Local polytope denoted by
TOLoc
[
B
(
2; (~mA, ~dA); (~mB, ~dB)
)]
[17]. This is
the set of correlations obtainable in time-ordered local
models, i.e., where the response of each party for its
j-th measurement depends only on a hidden variable
λ, the first j measurement settings and the first j − 1
measurement outcomes of that party.
The set of sequential Quantum Correlations de-
noted by Qseq
[
B
(
2; (~mA, ~dA); (~mB, ~dB)
)]
also lies
within the Time-Ordered No-Signaling polytope. This
set consists of boxes P where each component
POA,OB |IA,IB (oA,oB|iA, iB) is obtained as
POA,OB |IA,IB (oA,oB|iA, iB) = 〈ψ|EAiA,oA ⊗EBiB ,oB |ψ〉.
(A5)
Here |ψ〉 ∈ Cdseq for some arbitrary dimension dseq , and
EAiA,oA ,E
B
iB ,oB
are projective measurements defined by
[18]
EJ
iJ ,oJ
:=
∑
α
(1)
J
,...,α
(N)
J
(
KJ
i
(1)
J
,o
(1)
J
,α
(1)
J
)†
. . .
(
KJ
i
(N)
J
,o
(N)
J
,α
(N)
J
)†
KJ
i
(N)
J
,o
(N)
J
,α
(N)
J
. . .KJ
i
(1)
J
,o
(1)
J
,α
(1)
J
, (A6)
for J = A,B with sets of Kraus operators{
KJ
i
(j)
J ,o
(j)
J ,α
(j)
J
}
corresponding to the j-th run of party
J satisfying
∑
o
(j)
J ,α
(j)
J
(
KJ
i
(j)
J
,o
(j)
J
,α
(j)
J
)†
KJ
i
(j)
J
,o
(j)
J
,α
(j)
J
= 1, ∀i(j)J .(A7)
Here, the sum over α
(j)
J is incorporated to allow for the
fact that multiple Kraus operators may be mapped to a
single output o
(j)
J [18]. Being projective, the measure-
ment operators can be shown to satisfy
EJiJ ,oJE
J
iJ ,o’J
= δoJ ,o’JE
J
iJ ,oJ
∀iJ ,oJ ,o’J (A8)
They also satisfy the condition of sequential measure-
ment: ∑
o
(k)
J
,...,o
(N)
J
EJ
iJ ,oJ
=
∑
o
(k)
J
,...,o
(N)
J
EJ
i’J ,oJ
∀2 ≤ k ≤ N, o(1)J , . . . , o(k−1)J ,
∀iJ , i’J s.t. i(j)J = i′(j)J (1 ≤ j ≤ k − 1) (A9)
The projective measurement operators also satisfy a con-
dition analogous to the ’Local Orthogonality’ condition
[5]:
EJ
iJ ,oJ
EJ
i’J ,o’J
= 0 ∀iJ ,oJ , i’J ,o’J s.t.
(i
(1)
J , . . . , i
(k)
J ) = (i
′(1)
J , . . . , i
′(k)
J ) ∧
(o
(1)
J , . . . , o
(k)
J ) 6= (o′(1)J , . . . , o′(k)J ) for 1 ≤ k ≤ N.
(A10)
The set Qseq
[
B
(
2; (~mA, ~dA); (~mB , ~dB)
)]
is
convex but not a polytope. We have the in-
clusions TOLoc
[
B
(
2; (~mA, ~dA); (~mB, ~dB)
)]
⊆
Qseq
[
B
(
2; (~mA, ~dA); (~mB, ~dB)
)]
⊆
TONS
[
B
(
2; (~mA, ~dA); (~mB, ~dB)
)]
.
The general hierarchy of semi-definite programs for
polynomial optimization with non-commuting variables
was introduced by Pironio, Navascue´s and Ac´ın in [15],
which in principle covers also the scenario of sequen-
tial Bell non-locality. Nevertheless, this specific case
was explicitly handled recently in [18] whose treatment
we may follow. The hierarchy was defined in an ex-
actly analogous fashion to the NPA hierarchy for single-
run Bell experiments treating the sequences of measure-
ments as single measurements, i.e., based on the pro-
jection operators EAiA,oA ,E
B
iB ,oB
in place of the opera-
tors EAiA,oAE
B
iB ,oB
. The additional structure of sequen-
tial measurements is taken care of by including linear
constraints (A8), (A9), (A10) in the certificate. The hi-
erarchy was in this case shown to converge to the set
Qseqpr
[
B
(
2; (~mA, ~dA); (~mB, ~dB)
)]
consisting of boxes
P where each component POA,OB |IA,IB (oA,oB|iA, iB) is
obtained as
POA,OB |IA,IB (oA,oB |iA, iB) = 〈ψ|EAiA,oAEBiB ,oB |ψ〉,
(A11)
where the measurements of the different parties com-
mute, i.e.,
[
EAiA,oA ,E
B
iB ,oB
]
= 0 for all iA,oA, iB,oB.
The Time-Ordered No-Signaling polytope consisting
of boxes obeying the non-negativity, normalization and
time-ordered no-signaling constraints can be expressed
succintly as
TONS
[
B
(
2; (~mA, ~dA); (~mB, ~dB)
)]
={|P 〉 ∈ Rnseq : A · |P 〉 ≤ |b〉}. (A12)
Here, the matrix A and vector |b〉 encode the non-
negativity, normalization and time-ordered no-signaling
9constraints, and the box P is written as a vector |P 〉 of
length nseq = (md)
2N .
We are interested in the question whether quantum
correlations can realize the extremal boxes of the Time-
Ordered No-Signaling polytope, where an extremal box
or a vertex is one that cannot be expressed as a non-
trivial convex combination of boxes in the TONS poly-
tope. An equivalent mathematical characterization of
vertices is based on the following fact:
Fact 5 A box P is a vertex of the Time-Ordered No-
Signaling polytope TONS
[
B
(
2; (~mA, ~dA); (~mB, ~dB)
)]
if and only if rank(A˜P ) = nseq, where A˜P denotes the
sub-matrix of the matrix A from (A12) consisting of those
row vectors Ai for which Ai · |P 〉 = |b〉i.
In other words, every extremal box P satisfies, be-
sides the normalization and time-ordered no-signaling
equality constraints, a certain number of the non-
negativity inequalities with equality, i.e., the box sets
POA,OB |IA,IB (oA,oB|iA, iB) = 0 for a uniquely identi-
fiable set of oA, iA,oB, iB. For two extremal boxes P
and P ′, the corresponding sub-matrices are not equal
A˜P 6= A˜P ′ and the sub-matrix A˜P can therefore be
used to uniquely identify the vertex P . Finally, a lo-
cal vertex of the Time-Ordered No-Signaling polytope
TONS
[
B
(
2; (~mA, ~dA); (~mB , ~dB)
)]
is one that has only
entries in {0, 1} by the integrality constraint stated ear-
lier. Therefore, a non-local vertex is one that has at least
one non-integral entry, i.e., one entry that is neither 0 nor
1.
We now state the central result of this section as the
following theorem.
Theorem 6 For some (~mA, ~dA), (~mB , ~dB) let P be
an extremal box of the Time-Ordered No-Signaling
polytope TONS
[
B
(
2; (~mA, ~dA); (~mB, ~dB)
)]
such that
P /∈ TOLoc
[
B
(
2; (~mA, ~dA); (~mB , ~dB)
)]
. Then, P /∈
cl
(
Qseq
[
B
(
2; (~mA, ~dA); (~mB, ~dB)
)])
.
Proof. Following the Cabello-Severini-Winter (CSW)
framework for single-run Bell non-locality [12, 13], we
define an orthogonality graph GB corresponding to a se-
quential Bell scenario as follows. To each measurement
event (oA,oB|iA, iB) of the Bell scenario, we associate a
vertex v(oA,oB |iA,iB) of the graph GB. Two such vertices
v(oA,oB |iA,iB), v(o’A,o’B |i’A,i’B) are connected by an edge if
and only if the associated measurements are orthogonal,
EAiA,oAE
B
iB ,oB
EAi’A,o’AE
B
i’B ,o’B
= 0, (A13)
i.e., either EA
iA,oA
EA
i’A,o’A
= 0 or EB
iB ,oB
EB
i’B ,o’B
= 0.
A crucial observation is that the normalization and
time-ordered no-signaling constraints on a box P are
equivalent to maximum clique (in)equalities of the graph
GB. Here, a clique inequality is an inequality of the form∑
i∈c |P 〉i ≤ 1 for some clique c in the graph (a clique is
a set of mutually edge-connected vertices). The fact that
normalization is a clique inequality is clear, since nor-
malization by definition considers events with the same
inputs iA, iB and different outputs oA,oB . That the
time-ordered no-signaling constraints also form a clique
inequality can be seen by a modification of the argument
from [5] as:
∑
o
(k)
A
,...,o
(N)
A
POA,OB |IA,IB (oA,oB|iA, iB) +
∑
(o
′(1)
A
,...,o
′(k−1)
A
) 6=(o(1)
A
,...,o
(k−1)
A
)
∑
o
′(k)
A
,...,o
′(N)
A
POA,OB |IA,IB (o’A,oB |i’A, iB)
+
∑
o”B 6=oB
∑
o”A
POA,OB |IA,IB (o”A,o”B|i”A, iB) = 1,
∀ 1 ≤ k ≤ N, iA, i’A with (i(1)A , . . . , i(k−1)A ) = (i′(1)A , . . . , i′(k−1)A ), ∀i”A, iB,oA,oB
(A14)
A similar equation shows that∑
o
(k)
B
,...,o
(N)
B
POA,OB |IA,IB (oA,oB|iA, iB) is indepen-
dent of i
(k)
B , . . . , i
(N)
B for all 1 ≤ k ≤ N, iA,oA, iB,oB.
It is readily seen that each of the measurement events
in (A14) correspond to orthogonal measurements (A13).
Therefore, by the definition of the edge in (A13) the
time-ordered no-signaling constraints correspond to a
saturated clique inequality. The dimension of the convex
sets in question is given by nseq−D where D denotes the
number of independent normalization and time-ordered
no-signaling constraints.
Now, in the hierarchy for sequential Bell non-locality,
we consider sets of sequences of product projec-
tion operators Sseq1 = {1} ∪ {EAiA,oA} ∪ {EBiB ,oB},
Sseq2 = S1 ∪ {EAiA,oAEBiB ,oB}, etc. The convex sets
Qseql
[
B
(
2; (~mA, ~dA); (~mB , ~dB)
)]
corresponding to
different levels of this hierarchy consist of boxes P
associated with a positive semi-definite certificate
10
Γ seq,l. The certificate Γ seq,l is associated to the set of
operators Sseql and is a
∣∣Sseql ∣∣ × ∣∣Sseql ∣∣ matrix indexed
by the operators in Sseql . The certificate is a Hermitian
positive semi-definite matrix satisfying (i) Γ seq,l
1,1 = 1,
(ii) Γ seq,lQ,R = Γ
seq,l
S,T if Q
†R = S†T . The latter con-
dition in particular imposes that Γ seq,l
1,EA
iA,oA
EB
iB,oB
=
Γ seq,l
EA
iA,oA
,EB
iB,oB
= Γ seq,l
EA
iA,oA
EB
iB,oB
,EA
iA,oA
EB
iB,oB
=
POA,OB |IA,IB (oA,oB|iA, iB). The lack of existence
of a positive semi-definite certificate corresponding to
any level of the hierarchy for a box P implies the exclu-
sion of that box from the quantum set. Following earlier
investigations in [4], we consider a level of the hierarchy
that we denote Q˜seq
[
B
(
2; (~mA, ~dA); (~mB, ~dB)
)]
corre-
sponding to the set of operators {1} ∪ {EA
iA,oA
EB
iB ,oB
}.
Crucially, the only constraints from this set of operators
are those that impose the Hermiticity of the matrix by
the identity(
EA
iA,oA
EB
iB ,oB
)(
EA
i’A,o’A
EB
i’B ,o’B
)†
=((
EAi’A,o’AE
B
i’B ,o’B
)(
EAiA,oAE
B
iB ,oB
)†)†
, (A15)
due to the commutativity of the operators correspond-
ing to different parties. As in previous studies for the
single-run Bell scenario [2–4], this set may be identi-
fied with the familiar Lova´sz-theta set TH(GB) from
graph theory, with the clique inequalities corresponding
to the normalization and the time-ordered no-signaling
conditions (A14) being set to equalities. In other words,
Q˜seq
[
B
(
2; (~mA, ~dA); (~mB , ~dB)
)]
= TH(GB) ∩ Cn,tons
where Cn,tons denotes the set of clique equalities from
the normalization and the time-ordered no-signaling con-
straints. To see this explicitly, note that the set TH(GB)
is defined as [8]
TH(GB) =


|P〉 ∈ R|V | ∃Π ∈ S|V | s.t. Πi,j = 0 ((i, j) ∈ E),
Πi,i = |P〉i (i ∈ V ),
Π− |P〉〈P|  0

 (A16)
Here V denotes the vertex set of the graph GB and S
|V |
denotes the set of symmetric matrices of size |V | × |V |.
We may identify the requirement on the certificate of
Q˜seq with the constraints Cn,tons together with the re-
quirement of the real symmetric positive semi-definite
matrix
(
1 〈P |
|P 〉 Π
)
which by the use of Schur comple-
ments is equivalent to the condition that Π−|P〉〈P|  0
in Eq.(A16).
Furthermore, we have that
cl
(
Qseq
[
B
(
2; (~mA, ~dA); (~mB , ~dB)
)])
⊆
Q˜seq
[
B
(
2; (~mA, ~dA); (~mB , ~dB)
)]
since the sequential
hierarchy converges to the closure of the corresponding
quantum set, so that exclusion from Q˜seq implies
exclusion from cl (Qseq). Putting these facts together,
and following analogous steps to [4, 19–21] now gives
the result.
Appendix B: Quantum realisation of extremal
no-signaling assemblages
1. Inflexibility of assemblage
Consider a steering scenario in which two uncharacter-
iesd parties steer a characterised one by measurements
described respectively by POVM elements Pa|x and Qb|y
where a, b, x, y ∈ {0, 1}. Let Σ be a general no-signaling
assemblage (possibly postquantum) related to that sce-
nario and with all position occupied by at most rank one
operators (pi ≥ 0)
Σ =


p1|ψ1〉〈ψ1| p2|ψ2〉〈ψ2| p3|ψ3〉〈ψ3| p4|ψ4〉〈ψ4|
p5|ψ5〉〈ψ5| p6|ψ6〉〈ψ6| p7|ψ7〉〈ψ7| p8|ψ8〉〈ψ8|
p9|ψ9〉〈ψ9| p10|ψ10〉〈ψ10| p11|ψ11〉〈ψ11| p12|ψ12〉〈ψ12|
p13|ψ13〉〈ψ13| p14|ψ14〉〈ψ14| p15|ψ15〉〈ψ15| p16|ψ16〉〈ψ16|


. (B1)
Now take any row or any column from this assemblage -
without loss of generality let us focus on a first row
p1|ψ1〉〈ψ1| p2|ψ2〉〈ψ2| p3|ψ3〉〈ψ3| p4|ψ4〉〈ψ4|. (B2)
As a part of no-signaling assemblage, this row must sat-
isfy p1|ψ1〉〈ψ1| + p2|ψ2〉〈ψ2| = p3|ψ3〉〈ψ3| + p4|ψ4〉〈ψ4|.
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This is possible only in one of three mutually exclusive
instances. Firstly, all |ψi〉〈ψi| may be the same - then we
will say that row (column) is type I . Secondly, |ψ1〉〈ψ1|
and |ψ2〉〈ψ2| may be different (i.e. linearly independent)
and remaining pair of |ψi〉〈ψi| may be the same as the
first one (up to relabeling) - then we will say that row
(column) is type II. Finally, it may happened that all
|ψi〉〈ψi| are different - then we will say that row (col-
umn) is type III. Note that in the case of type II and III
all pi are nonzero. Observe that for type II coefficients pi
related to the same projection must be equal. Moreover,
if a given row (column) of the form (B2) is type III, then
any other valid row (column) of no-signaling assemblage
with the same |ψi〉〈ψi| must be of the following form
q1|ψ1〉〈ψ1| q2|ψ2〉〈ψ2| q3|ψ3〉〈ψ3| q4|ψ4〉〈ψ4| (B3)
where qi = αpi and α is some non-negative constant.
Recall that if Σ = {pi|ψi〉〈ψi|}i and Σ˜ = {qi|ψi〉〈ψi|}i,
then Σ˜ is similar to Σ when pi = 0 implies qi = 0. We
will say that Σ is inflexible if for any Σ˜ similar to Σ we
getΣ = Σ˜. No-signaling constraints lead to the following
result.
Lemma 7 Let Σ be a pure no-signaling assemblage with
a single column of type III and two rows (forming a pair
in upper or lower part of assemblage) of type III. Then
Σ is inflexible.
Proof. We may consider assemblage where first column
and first and second rows are type III. Let us discuss all
possibilities (without loss of generality).
Firstly, assume that the third row of considered assem-
blage (B1) is type III. Now because of previous discussion
for rows of type III, any assemblage Σ˜ similar to Σ must
be of the form
Σ˜ =


α1p1|ψ1〉〈ψ1| α1p2|ψ2〉〈ψ2| α1p3|ψ3〉〈ψ3| α1p4|ψ4〉〈ψ4|
α2p5|ψ5〉〈ψ5| α2p6|ψ6〉〈ψ6| α2p7|ψ7〉〈ψ7| α2p8|ψ8〉〈ψ8|
α3p9|ψ9〉〈ψ9| α3p10|ψ10〉〈ψ10| α3p11|ψ11〉〈ψ11| α3p12|ψ12〉〈ψ12|
β1p13|ψ13〉〈ψ13| β2p14|ψ14〉〈ψ14| β3p15|ψ15〉〈ψ15| β4p16|ψ16〉〈ψ16|


. (B4)
But since the first column of Σ is type III as well we
have α = α1 = α2 = α3 = β1. Moreover, in order to
satisfy no-signaling conditions in columns we have to
put α = βi for all i. Then, by normalisation constraint,
α = 1 and Σ is indeed inflexible in this case.
Now assume that the third and the fourth rows of con-
sidered assemblage Σ are type I. Any assemblage Σ˜ sim-
ilar to Σ must be of the form
Σ˜ =


αp1|ψ1〉〈ψ1| αp2|ψ2〉〈ψ2| αp3|ψ3〉〈ψ3| αp4|ψ4〉〈ψ4|
αp5|ψ5〉〈ψ5| αp6|ψ6〉〈ψ6| αp7|ψ7〉〈ψ7| αp8|ψ8〉〈ψ8|
αp9|ψ9〉〈ψ9| β2p10|ψ9〉〈ψ9| β3p11|ψ9〉〈ψ9| β4p12|ψ9〉〈ψ9|
αp13|ψ10〉〈ψ10| γ2p14|ψ10〉〈ψ10| γ3p15|ψ10〉〈ψ10| γ4p16|ψ10〉〈ψ10|


. (B5)
Since first column of Σ is type III, |ψ10〉〈ψ10| is dif-
ferent from |ψ9〉〈ψ9|. We will show that this implies
α = βi = γi for all i. Indeed, this is true if columns are
type II or III. If one of columns is not, for example we
have |ψ2〉〈ψ2| = |ψ6〉〈ψ6|, then either p10 = 0 or p14 = 0
and α = β2 = γ2. Finally, by normalisation constraint
we see that Σ must be inflexible.
Consider the case when the third row of assemblage Σ
is type I and the fourth row is type II. Any assemblage
Σ˜ similar to Σ must be of the form (up to relabeling in
the last row)
12
Σ˜ =


αp1|ψ1〉〈ψ1| αp2|ψ2〉〈ψ2| αp3|ψ3〉〈ψ3| αp4|ψ4〉〈ψ4|
αp5|ψ5〉〈ψ5| αp6|ψ6〉〈ψ6| αp7|ψ7〉〈ψ7| αp8|ψ8〉〈ψ8|
αp9|ψ9〉〈ψ9| β2p10|ψ9〉〈ψ9| β3p11|ψ9〉〈ψ9| β4p12|ψ9〉〈ψ9|
αp13|ψ10〉〈ψ10| γ2p14|ψ˜10〉〈ψ˜10| γ3p13|ψ10〉〈ψ10| γ4p14|ψ˜10〉〈ψ˜10|


. (B6)
Because first column of Σ is type III, |ψ10〉〈ψ10| is
different from |ψ9〉〈ψ9|, so by previous case α = β3 = γ3.
Observe that if |ψ˜10〉〈ψ˜10| = |ψ9〉〈ψ9| then in particular
|ψ2〉〈ψ2| = |ψ4〉〈ψ4| which is in contradiction with
the fact that first row of Σ is type III. Therefore,
|ψ˜10〉〈ψ˜10| 6= |ψ9〉〈ψ9| and eventually α = βi = γi for all
i which shows that Σ is inflexible.
To conclude the proof assume the last case. Let the
third and the fourth rows of considered assemblage Σ be
type II. Then depending on particular form of Σ, any
similar assemblage Σ˜ is given (up to relabeling) either
by
Σ˜ =


αp1|ψ1〉〈ψ1| αp2|ψ2〉〈ψ2| αp3|ψ3〉〈ψ3| αp4|ψ4〉〈ψ4|
αp5|ψ5〉〈ψ5| αp6|ψ6〉〈ψ6| αp7|ψ7〉〈ψ7| αp8|ψ8〉〈ψ8|
αp9|ψ9〉〈ψ9| β2p10|ψ˜9〉〈ψ9| β3p9|ψ9〉〈ψ9| β4p10|ψ˜9〉〈ψ˜9|
αp13|ψ10〉〈ψ10| γ2p14|ψ˜10〉〈ψ˜10| γ3p13|ψ10〉〈ψ10| γ4p14|ψ˜10〉〈ψ˜10|


(B7)
or by
Σ˜ =


αp1|ψ1〉〈ψ1| αp2|ψ2〉〈ψ2| αp3|ψ3〉〈ψ3| αp4|ψ4〉〈ψ4|
αp5|ψ5〉〈ψ5| αp6|ψ6〉〈ψ6| αp7|ψ7〉〈ψ7| αp8|ψ8〉〈ψ8|
αp9|ψ9〉〈ψ9| β2p10|ψ˜9〉〈ψ˜9| β3p10|ψ˜9〉〈ψ˜9| β4p9|ψ9〉〈ψ9|
αp13|ψ10〉〈ψ10| γ2p14|ψ˜10〉〈ψ˜10| γ3p13|ψ10〉〈ψ10| γ4p14|ψ˜10〉〈ψ˜10|


. (B8)
Consider first possibility (B7). This case can be treated
in the same way as the case with one row of type I and
one row of type II. Assume then that Σ˜ is of type (B8).
Because first and second rows are type III, there may be
at most two columns with two equal states in lower part,
i.e. |ψ10〉〈ψ10| = |ψ˜9〉〈ψ˜9| and |ψ˜10〉〈ψ˜10| = |ψ9〉〈ψ9| -
this is the only nontrivial situation to consider. If this
is the case, obviously α = β2 = γ2 and since third and
fourth rows are type II, we also have α = β3 = β4 and
α = γ3 = γ4. Therefore, due to normalisation the proof
is completed.
2. Extremal quantum assemblages from pure states
Consider a quantum assemblage given by formula
σab|xy = TrAB(Ma|x ⊗Nb|y ⊗ Iρ) (B9)
and an eigendecomposition ρ =
∑
i λi|ψi〉〈ψi|. Obvi-
ously, σab|xy =
∑
i λiσ
(i)
ab|xy where for each i
σ
(i)
ab|xy = TrAB(Ma|x ⊗Nb|y ⊗ I|ψi〉〈ψi|) (B10)
defines another quantum assemblage. If original assem-
blage is extremal then σ
(i)
ab|xy = σab|xy for any i. There-
fore, any quantum assemblage which is also extremal in
the set of all no-signaling assemblages can be obtained
by measurements performed on a pure state.
3. Proof of Proposition 2 - auxiliary Lemmas
In order to conclude the proof of Proposition 2 we
need to justify existence of appropriate PVMs, which per-
formed on a considered genuine entangled state, give a
rise to the quantum assemblage with first column and
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first and second row of type III (see sketch of proof of
Proposition 2 and Subsection B1). This follows directly
from the following simple auxiliary Lemmas which we
state here for the sake of completeness.
Lemma 8 Tripartite state |ψ〉 ∈ CdA ⊗ CdB ⊗ CdC is
genuine entangled if and only if there exists a state |φa〉 ∈
CdA and a state |φb〉 ∈ CdB such that both 〈φa|ψ〉 and
〈φb|ψ〉 are entangled vectors.
Proof. Assume first without loss of generality that on the
contrary, there is no such state |φa〉 ∈ CdA . If so, then
in particular we have the following eigendecomposition
ρBC = TrA(|ψ〉〈ψ|) =
∑
i λi|ui〉〈ui| where |ui〉 are sepa-
rable pure states of subsystem BC. Therefore, according
to reasoning provided in Section 3 of [22], ρBC is of the
form ρBC = |ψ〉B〈ψ|B⊗ρC or ρBC = ρB⊗|ψ〉C〈ψ|C and
then |ψ〉 is not genuinely entangled.
For the other implication, consider that there exist
aforementioned states |φa〉 ∈ CdA and |φb〉 ∈ CdB . If
we measure the state on subsystem A we get that 〈φa|ψ〉
is entangled and therefore ρB and ρC are mixed. The
same goes when we measure the state on subsystem B
and therefore ρA is mixed as well. As the reduced matrix
of each subsystem is mixed, the original tripartite state
|ψ〉 is genuinely entangled.
Lemma 9 Consider a state |ψ〉 ∈ C2⊗C2⊗Cd entangled
within the (A|BC) cut. Assume that there exists a state
|ϕ〉 ∈ C2 of the first subsystem such that 〈ϕ|ψ〉 is entan-
gled. Then there exists an orthonormal basis {|φi〉} of
the first subsystem such that |ψi〉 = 〈φi|ψ〉 are entangled
and linearly independent.
Proof. Without loss of generality put |ϕ〉 = |0〉 and |ψ〉 =
λ1|0〉(a|00〉+ b|11〉) + λ2|1〉|φ〉|φ′〉 where λ1, λ2, a, b 6= 0,
|φ〉 = α|0〉 + β|1〉 and |φ′〉 = α′|0〉+ β′|1〉 + γ′|Φ⊥〉 with
|Φ⊥〉 orthogonal to |0〉 and |1〉. Observe that due to
entanglement within the (A|BC) cut, a|00〉 + b|11〉 and
|φ〉|φ′〉 are linearly independent.
Choose the orthonormal basis in which we perform the
measurement {|φ1〉 = x|0〉+y|1〉, |φ2〉 = y|0〉−x|1〉} with
reals x, y 6= 0. Then |ψ1〉 = λ1x(a|00〉+b|11〉)+λ2y|φ〉|φ′〉
and |ψ2〉 = λ1y(a|00〉 + b|11〉) − λ2x|φ〉|φ′〉. Note that
vectors |ψi〉 are linearly independent.
Observe that ρi = TrB(|ψi〉〈ψi|) =
∑
j |ψi,j〉〈ψi,j |
where
|ψ1,0〉 = λ1xa|0〉+ λ2yα(α′|0〉+ β′|1〉+ γ′|Φ⊥〉), (B11)
|ψ1,1〉 = λ1xb|1〉+ λ2yβ(α′|0〉+ β′|1〉+ γ′|Φ⊥〉), (B12)
|ψ2,0〉 = λ1ya|0〉 − λ2xα(α′|0〉+ β′|1〉+ γ′|Φ⊥〉), (B13)
|ψ2,1〉 = λ1yb|1〉 − λ2xβ(α′|0〉+ β′|1〉+ γ′|Φ⊥〉). (B14)
Looking at the form of this vectors one can see that
only for finite number of pairs x, y, vectors |ψi,j〉 can be
linearly dependent (for j = 0, 1 and fixed i). If so, there is
only finite number of pairs x, y for which at least one of ρi
is pure (equivalently |ψi〉 is not entangled). Therefore, we
can always find some basis {|φi〉} of the first subsystem,
parametrised by x and y, such that |ψi〉 are entangled
and linearly independent.
Lemma 10 Consider two entangled vectors (possibly
subnormalised) |φ1〉, |φ2〉 ∈ C2 ⊗ Cd and a pair of non-
commuting PVMs with two outcomes (described by ele-
ments Pa|x) on the first subsystem. Then (possibly sub-
normalised) assemblage Σ(j) given by σ
(j)
a|x = Tr(Pa|x ⊗
I|φj〉〈φj |) is type III for both j. Moreover, vectors
|φ1〉, |φ2〉 are linearly dependent if and only if Σ(j) ={
p
(j)
i , |ψi〉〈ψi|
}
for both j.
Proof. Without loss of generality we may put |φ1〉 =∑
i αi|i〉|φ1,i〉 and |φ2〉 =
∑
i βi|i〉|φ2,i〉 where i = 0, 1.
Obviously αi 6= 0 (respectively βi 6= 0) and |φ1,i〉 (respec-
tively |φ2,i〉) are linearly independent. The first part can
be seen from direct calculations with P0|0 = |0〉〈0| and
P0|1 = |0˜〉〈0˜| where |0˜〉 = γ|0〉+ δ|1〉 is some normalised
vector with γ, δ 6= 0. The if and only if part follows from
no-signaling property of type III row expressed by (B3).
Observe that due to above Lemmas, it was established
that one can choose a pair of PVMs with two outcomes
on subsystems A and B respectively, in such a way that
no-signaling assemblage Σ (obtained by this measure-
ments preformed on some tripartite genuine entangled
pure state |ψ〉) has first column and first and second row
of type III. According to the Lemma 7, this particular
Σ is therefore inflexible and that completes the proof of
Proposition 2.
4. Proof of Proposition 4 - application of Jordan’s
Lemma
To conclude the proof of nontrivial implication of
Proposition 4, recall the following Lemma.
Lemma 11 (Jordan’s Lemma [14]) Let P,Q ∈
Mn(C) be two projections. Then the space C
n =
⊕
iHi
can be decompose as a direct sum of subspaces Hi of
dimension lesser than or equal to two in such a way
that projections P and Q restricted to subspaces Hi are
either given by
P,Q|Hi ∈ {(0), (1)}
when dim Hi = 1 or
P |Hi =
(
1 0
0 0
)
, Q|Hi =
(
cos2 θi cos θi sin θi
cos θi sin θi sin
2 θi
)
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for some angle θi ∈
[
0, pi2
)
, when dim Hi = 2, i.e. for any
two projections P,Q there exists an orthonormal basis for
witch P and Q are simultaneously block diagonal.
Consider now any pure state |ψ˜〉 ∈ CdA ⊗ CdB ⊗ CdC
and assemblage Σ˜ given by two pairs of PVMs with two
outcomes σ˜ab|xy = TrAB(P˜a|x ⊗ Q˜b|y ⊗ I|ψ˜〉〈ψ˜|). By Jor-
dan’s Lemma two pairs of projections P0|0, P0|1 on sub-
system A and Q0|0, Q0|1 on subsystem B can be consid-
ered as block-diagonal operators acting on a direct sum
of qubit spaces (up to local isometries putting C inside
C2). Therefore, effectively assemblage Σ˜ is given by a
convex combination of assemblages obtained by PVMs
performed on states of C2 ⊗ C2 ⊗ CdC . If FΣ(Σ˜) = 4
then each of this states must be up to local unitaries
equal to |ψ〉 (which defines FΣ). Using isomorphism⊕k
i C
2 = Ck ⊗ C2 for subsystems A and B we conclude
the proof.
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